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The coarsening behavior of γ ′ precipitates with a uniform size distribution and with a
bimodal size distribution in a mechanically alloyed ODS Ni-base superalloy were
investigated to clarify the effect of elastic interaction energy on the coarsening behavior of
γ ′ precipitates. The coarsening rate decreased with increasing size of γ ′ precipitates with a
uniform size distribution, contrary to the classical LSW theory, and the coarsening behavior
of γ ′ precipitates with a bimodal size distribution exhibited Ostwald ripening in which the
larger precipitates grow at the expense of smaller precipitates. The driving force for
coarsening of γ ′ precipitates was analyzed based on the two-particle model, considering
the effect of elastic interaction energy in addition to the effect of interfacial energy. The
contribution of elastic interaction energy on the total energy was found to increase with
increasing size of precipitates, and the decelerated coarsening of γ ′ precipitates was
attributed to the decrease in the driving force for coarsening with increasing size of
precipitates. C© 1999 Kluwer Academic Publishers

1. Introduction
Ni-base superalloys have been widely used for high
temperature applications such as turbine blades, turbine
disks and turbine vanes in jet engines and industrial gas
turbine engines [1, 2]. The excellent mechanical prop-
erties of Ni-base superalloys at elevated temperature
are mainly due to the high volume fraction ofγ ′ pre-
cipitates of L12 ordered structure, which are stable at
high temperature. Since the deformation behavior of
Ni-base superalloys is sensitively affected by the size
of γ ′ precipitates, the coarsening behavior ofγ ′ pre-
cipitates in Ni-base superalloys during high tempera-
ture exposure has been extensively investigated [3–5].
The coarsening behavior ofγ ′ precipitates in Ni-base
superalloys is known as Ostwald ripening, in which
the larger precipitates grow at the expense of smaller
precipitates in order to reduce the total interfacial en-
ergy while maintaining a constant volume fraction of
the precipitates. The classical theory that describes the
Ostwald ripening of precipitates is known as the LSW
theory [6, 7]. According to the LSW theory, the cube
of the average precipitate size,r (t)3, depends linearly
on ageing time,t . Recently, the classical LSW theory
has been modified in order to consider the effect of the
precipitates volume fraction on the coarsening behavior
[8–11].

However, the characteristic phenomena in the coars-
ening behavior ofγ ′ precipitates of Ni-base superal-

loys, such as splitting [12], alignment [13] and de-
celerated coarsening [14–16] of precipitates cannot be
explained by the classical coarsening theories. These
characteristic coarsening phenomena ofγ ′ precipitates
in Ni-base superalloys are attributed to the effects of
lattice misfit between theγ ′ precipitates and theγ ma-
trix. The lattice misfit between theγ ′ precipitates and
theγ ′ matrix induces the elastic strain fields around the
γ ′ precipitates. When the inter-particle spacing of the
γ ′ precipitates is small enough, the elastic strain fields
overlap and cause a change in the total elastic energy.
The change in the total elastic energy due to the inter-
action of elastic strain fields around the precipitates is
known as the elastic interaction energy [17–19].

Several researchers have observed the decelerated
coarsening behavior ofγ ′ precipitates in Ni-base al-
loys [14–16, 20–23]. Most of the researcher [22, 23]
explained the decelerated coarsening behavior by using
the concepts of bifurcation theory, proposed by Johnson
[24], based on the two-particle model shown schemat-
ically in Fig. 1, wherer1 and r2 are the radii of the
particles andL is the inter-particle spacing. The three-
dimensional bifurcation diagram showing the change
of total energy plotted against a parameter correspond-
ing to the relative size change of two particles, (r1 −
r2)/(r1 + r2), and the inter-particle spacing,L, is plotted
in Fig. 2. The bifurcation diagram exhibits two distinct
regions: region I in which the minimization of total
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Figure 1 Schematic diagram of the two particle model used in the bi-
furcation theory.r1 and r2 are the radii of the particles andL is the
inter-particle spacing [24].

Figure 2 Three-dimensional bifurcation diagram composed of region I,
in which the Ostwald ripening occurs, and region II, in which the inverse
coarsening occurs [20].

energy is achieved whenr1 À r2 or r2 À r1, and re-
gion II in which the minimization of total energy is
achieved whenr1 = r2. The coarsening rate is main-
tained constant with the ageing time in region I, satisfy-
ing the LSW theory, where the contribution of the elas-
tic interaction energy to the change of total free energy
is smaller than the contribution of the interfacial energy.
On the other hand, the smaller precipitates can grow at
the expense of the larger precipitates and thus show
an inverse coarsening behavior in region II, where the
contribution of elastic interaction energy to the change
of total energy is larger than the contribution of the in-
terfacial energy. Decelerated coarsening behavior has
been attributed to the inverse coarsening behavior of
γ ′ precipitates in region II, as plotted schematically in
Fig. 3 [22]. The inverse coarsening behavior, however,
has not been studied systematically yet in alloys with
elastically interacting precipitates [25–28].

In this study, the decelerated coarsening behavior of
γ ′ precipitates in a mechanically alloyed ODS Ni-base
superalloy was investigated to clarify the effect of the
elastic interaction energy on the coarsening behavior of
γ ′ precipitates. The variation of the driving force in the
coarsening ofγ ′ precipitates was analyzed considering
the contribution of the elastic interaction energy to the
total energy with increasing precipitate size based on
the theoretical two-particle model.

2. Experimental procedure
The chemical composition (wt %) of the mechani-
cally alloyed ODS Ni-base superalloy investigated
in this study is Ni–5Co–8Cr–5.5Al–1Ti–6Ta–1Mo–
8W–2Re–0.03B–0.01Zr–0.9Y2O3. The powders were

Figure 3 Schematic illustration showing the change in coarsening rate
with ageing time [23].

mechanically alloyed for 30 h in a high energy attri-
tor. The mechanically alloyed powders were sealed in
mild steel cans and hot extruded into bars of 19 mm
diameter with an extrusion ratio of 18 : 1 at a tempera-
ture of 1177◦C. The hot extruded bars were zone an-
nealed to form a coarse elongated grain structure by
moving a furnace along the extruded bars at a con-
stant speed of 65 mm hr−1 and a maximum hot zone
temperature of 1300◦C. The zone-annealed bars were
solution treated at 1270◦C for 30 min or 1210◦C for
30 min, then air-cooled to room temperature to obtain
a uniform size distribution or a bimodal size distribu-
tion, respectively. The ageing treatments were carried
out at 950◦C for various ageing time from 2 to 200 h
to control the size of theγ ′ precipitates. The lattice
misfit between theγ ′ precipitates and theγ matrix at
the ageing temperature of 950◦C was measured by X-
ray diffraction (XRD) analysis using CuKα radiation at
room temperature, 950◦C and 1050◦C. Scanning elec-
tron micrographs (SEM) were observed to measure the
average sizes of the cuboidalγ ′ precipitates after elec-
troytic etching of the polished surface with a 10% nitric
acid and 5% acetic acid solution. Transmission electron
microscopy (TEM) specimens were electropolished in
a Struers Tenupole twin jet electropolisher operating at
30 V in a 9 : 1 mixture of ethanol and perchloric acid
at−50◦C. The elastic interaction energy and the inter-
facial energy were calculated using the data listed in
Table I.

3. Results and discussion
The microstructures of an ODS Ni-base superalloy after
zone annealing are shown in Fig. 4. The grain structure
is coarse and elongated along the extrusion direction
as shown in Fig. 4a due to the secondary recrystalliza-
tion of fine grains in the extruded bar during the zone
annealing. The average aspect ratio of the elongated
grains was measured to be about 5 : 1. The shape of the
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Figure 4 SEM micrograph showing (a) the grain structure and (b) the shape ofγ ′ precipitates of ODS Ni-base superalloy specimen after zone
annealing at 1300◦C with traveling speed of 65 mm h−1.

TABLE I Numerical values used for the calculation of elastic inter-
action energy and interfacial energy in Ni-base superalloys [20, 22]

Elastic constants of the matrix C11 = 112 400 MN m−2

C12 = 62 700 MN m−2

C44 = 56 900 MN m−2

Elastic constants of the precipitates C11 = 166 600 MN m−2

C12 = 106 500 MN m−2

C44 = 99 200 MN m−2

Lattice misfit δ = −0.002
Interfacial energy density γ0 = 0.0142 J m−2

Precipitates volume fraction f = 0.65
Inter-particle distance L = (V/ f )

1
3

Figure 5 X-ray diffraction showing the lattice misfit between theγ ′ pre-
cipitates and the matrix in ODS Ni-base superalloy at room temperature,
950◦C and 1050◦C.

γ ′ precipitates in Ni-base superalloys after zone an-
nealing was observed to be dendritic octets, as shown
in Fig. 4b. The volume fraction of theγ ′ precipitates
was measured to be about 65% by the point-counting
method and their size was measured to be about 1–
2µm. Fig. 5 shows the diffraction intensity of the (2 2 0)
peaks from theγ ′ precipitates andγ matrix at room
temperature, 950◦C and 1050◦C. The lattice parame-
ters of theγ ′ precipitates (aγ ′) and theγ matrix (aγ )

at 950◦C, which was the ageing temperature used in
this study, were measured, and the lattice misfit,δ, be-
tween theγ ′ precipitates and theγ matrix at 950◦C
was calculated as−0.002 according to

δ = aγ ′ − aγ

aγ

(1)

Because the solvus temperature ofγ ′ precipitates in a
mechanically alloyed Ni-base superalloy in this study
was known to be 1260◦C [29], the size distribution
of theγ ′ precipitates showed a uniform size distribu-
tion after solution treatment at 1270◦C and a bimodal
size distribution after solution treatment at 1210◦C, as
shown in Fig. 6. The bimodal size distribution after so-
lution treatment at 1210◦C was due to the formation
undissolved coarseγ ′ precipitates during solution treat-
ment and of newly nucleated fineγ ′ precipitates during
cooling to room temperature.

Theγ ′ precipitates with a uniform size distribution
coarsened with increasing ageing time, as shown in
Fig. 7. The variation of the cube of averageγ ′ precipi-
tate size against ageing time at 950◦C was plotted, as
shown in Fig. 8. The cube of the averageγ ′ precipi-
tate size did not increase linearly with increasing age-
ing time, and the non-linear coarsening behavior could
not be explained by the conventional coarsening the-
ory. The coarsening behavior ofγ ′ precipitates shown
in Fig. 8 indicates that the coarsening rate decreased
gradually with increasing ageing time. While the mean
coarsening rate was about 5.0× 10−5 mm3 h−1 at the
initial stage of ageing, the mean coarsening rate de-
creased to 1.4× 10−5 mm3 h−1 at the final stage after
200 h ageing time.

The coarsening behavior ofγ ′ precipitates with a
bimodal size distribution was observed in order to in-
vestigate the theoretically expected inverse coarsening
behavior, because the decelerated coarsening behavior
of elastically interacting precipitates has been attributed
to inverse coarsening behavior in which smaller pre-
cipitates coarsen at the expense of larger precipitates
[22]. The coarsening behavior ofγ ′ precipitates with
a bimodal size distribution, however, exhibited typical
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Figure 6 (a) SEM micrograph showing the uniform size distribution ofγ ′ precipitates after solution treatment at 1270◦C for 30 min, and (b) TEM
micrograph showing the bimodal size distribution ofγ ′ precipitates after solution treatment at 1210◦C for 30 min.

Ostwald ripening, as shown in Fig. 9, without show-
ing inverse coarsening behavior. The larger precipitates
shown in Fig. 9a coarsened at the expense of the smaller
precipitates, and the latter almost disappeared after 48 h
ageing treatment at 950◦C, as shown in Fig. 9b. This
result shows that the decelerated coarsening behavior
of elastically interacting precipitates may occur with-
out inverse coarsening behavior, contrary to previous
explanations. Therefore, the decelerated coarsening be-
havior ofγ ′ precipitates needs to be explained without
the concept of the inverse coarsening behavior of elas-
tically interacting precipitates.

In order to analyze the decelerated coarsening be-
havior of γ ′ precipitates, the change in the total free
energy (1Etotal), which consisted of the change in the
interfacial energy (1Esurf) and the change in the elastic
interaction energy (1Eint), was calculated by using the
two-particle model used in the bifurcation theory [24].
The elastic interaction energy between the two parti-
cles was obtained from the equation of Yamauchi and
de Fontaine [30] expressed as follows

Eint = V1V2

16π2L3

∫ 2π

0

[
∂2

∂θ2
W(n)

]
θ=π/2

dψ (2)

whereV1 andV2 are the volumes of the two particles,L
is the inter-particle spacingθ andψ define the direction
of the unit vectorn andW(n) is a function related to the
elastic strain energy as follows

W(n) = Aj (G
−1) jk Ak (3a)

where Aj = Cjklmnkηlm
(3b)

G jk = Cjklmnl nm

in which (G−1) jk is the Green’s tensor,ηlm is the equiv-
alent eigenstrain, Cjklm is the elastic stiffness constant
[31].

The numerical values for the calculation of the elastic
interaction energy and the interfacial energy in the two-
particle model are listed in Table I, and the calculated

elastic interaction energy using the data is expressed
as

Eint = −1.55× 105V2/L3 = −1.55× 105φV = −BV

(4)

whereφ is the volume fraction of the particle,V is
the particle volume andB is a constant. The interfacial
energy for the two-particle model is expressed simply
as

Esurf = γsA (5)

whereγs is the interfacial energy density andA is the
total interfacial area. The particle shape is assumed to
be spherical for this simple calculation.

The total energy is plotted against the parameterR,
which is (r1 − r2)/( r1 + r2), and the inter-particle spac-
ing, L, in Fig. 10. The values of total energy were nor-
malized by the total energy atr1 = r2 to show how the
gradient of energy changes with increasing particle size.
When there is no contribution from the elastic interac-
tion energy, the gradient of energy does not change with
increasing particle size from 0.16µm to 0.32µm, as
shown in Fig. 10a and b. When there is a contribution
from the elastic interaction energy, the gradient of en-
ergy changes apparently with increasing particle size
from 0.16µm to 0.32µm, as shown in Fig. 10c and d.
The variation of the gradient of total energy shown in
Fig. 10c and d reveals the effect of the elastic interac-
tion energy decrease energy difference between initial
stage and final stage of coarsening. This calculated re-
sult indicates that there is a variation of the driving
force in coarsening with increasing particle size when
the elastic interaction energy has an effect.

To analyze the variation of the driving force in coars-
ening, the effect of the elastic interaction energy on the
solubility of the precipitates was studied. When there
is no elastic interaction energy, the change in the total
free energy is given by

d E = d Esurf = γsd A (6)
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Figure 7 SEM micrograph showing the coarsening ofγ ′ precipitates
with ageing time at 950◦C for (a) 2 h, (b) 30 h and (c) 120 h.

When there is an elastic interaction energy, the change
in the total free energy is

d E = d Esurf + d Eint = γsd A− BdV (7)

and the driving force for coarsening is expressed as

1Gs = d E/dn (8)

Figure 8 The variation of the cube of averageγ ′ precipitates in ODS
Ni-base superalloy with ageing time at 950◦C.

wheren = 4πr 3/3Vm When there is no elastic interac-
tion energy, the driving force of coarsening is

1Gs = 2γsVm

r
(9)

and when there is an elastic interaction energy, the driv-
ing force of coarsening is as follows

1Gi = 2γsVm

r
− BVm (10)

The difference between Equation 9 and 10 shows that
the elastic interaction energy affects the driving force of
coarsening of precipitates, and the contribution of the
effect of the elastic interaction energy becames more
important with increasing particle size.

The coarsening rate,kMLSW, in the conventional LSW
theory is given by

kMLSW = 8

9

DCeγsV2
m f (φ)

RT
(11)

whereVm is molar volume,D is diffusivity, Ce is equi-
librium concentration of precipitates,γs is interfacial
energy density andf (φ) is defined ask(φ)/k(0), which
is the ratio of the coarsening rate with a finite volume
fraction of precipitates,φ, to the coarsening rate with
a zero volume fraction. According to Ardell [32],f (φ)
is in the range 1–4 and the coarsening rate is known
to be maintained constant during the coarsening of
precipitates.

The effect of the driving force obtained in Equations 9
and 10 is included in terms of solubility in the coarsen-
ing rate. The solubility of a particle of radiusr in the
matrix is referred to as the Gibbs–Thomson equation
as follows

Cr = Ce exp

(
Vm

RT

2γs

r

)
≈ Ce

(
1 + Vm

RT

2γs

r

)
(12)
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Figure 9 SEM micrograph showing (a)γ ′ precipitates with the bimodal size distribution after solution treatment at 1210◦C and (b)γ ′ precipitates
with bimodal size distribution after ageing treatment at 950◦C for 48 h.

Figure 10 Three-dimensional diagram and contour plot of calculated total energy versus the size parameter,R, and inter-particle spacing,L, when
the particles are (a) 0.16µm and (b) 0.32µm in diameter without the effect of elastic interaction energy, and when the particles are (c) 0.16µm and
(d) 0.32µm in diameter with the effect of elastic interaction energy. (continued)
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Figure 10 (continued)

When there is no elastic interaction energy, the differ-
ence of solubility in particles of radiusr is

Cr − Ce = Ce

RT

2γsVm

r
= Ce

RT
1Gs (13)

When there is an elastic interaction energy, the differ-
ence of solubility in particles of radiusr is as follows

Cr − Ce = Ce

RT
1Gi = Ce

RT

(
2γsVm

r
− BVm

)
(14)

The difference between Equation 13 and 14 indicates
that the elastic interaction energy affects the coarsening
rate by changing the solubility of the particle [33, 34].

The growth rate of a particle of radiusr is given by,

dr

dt
= D

r
(Cm − Cr ) (15)

whereCm is the mole fraction of the precipitates com-
ponent in the matrix. And the exact coarsening rate is
calculated from the continuity equation [35]

∂ f (r, t)

∂t
+ ∂

∂r

[
f (r, t)

dr

dt

]
= 0 (16)

where f (r, t) is the distribution function of the precip-
itate size obtained in the LSW theory [6, 7].

However, the development of the analytical coarsen-
ing equation including the effect of the elastic interac-
tion energy needs a more sophisticated model including
the size distribution of the precipitates. In this study, the
simple two-particle model only explained the gradual
decrease of the driving force with increasing particle
size when there is an elastic interaction energy. Even
when the contribution of the elastic interaction energy
is less than the contribution of the interfacial energy, the
driving force was found to decrease gradually during
the coarsening of the particles. The coarsening rate can
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decrease gradually as the precipitates coarsen even in
region I in the bifurcation diagram, contrary to previous
explanations using the inverse coarsening mechanism
[22, 23].

4. Conclusions
The effect of the elastic interaction energy on the coars-
ening ofγ ′ precipitates in a mechanically alloyed ODS
Ni-base superalloy was investigated to explain the grad-
ual deceleration of coarsening ofγ ′ precipitates. The
coarsening ofγ ′ precipitates with a bimodal size distri-
bution was typical of Ostwald ripening without show-
ing inverse coarsening behavior. As the contribution of
the elastic interaction energy on the total free energy
increases with increasing precipitate size, the driving
force for the coarsening ofγ ′ precipitates decreases
gradually with ageing time.
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